We apply the tools of the fractional calculus to introduce new fractional-order beam solutions to the paraxial wave equation that can be regarded as intermediate solutions between the known integral-order solutions. We restrict our attention to the fractionalization of the elegant and standard Hermite-Gaussian beams. © 2007 Optical Society of America OCIS codes: 260.1960, 350.5500, 050.1960. On the other hand, in recent years fractional calculus has had applications in a number of different areas, such as fractal theory, polymers, and electrodynamics, to name a few [7] [8] [9] [10] . The fractional calculus is the name for the theory of derivatives and integrals of arbitrary noninteger or even complex order [7, 8] . Optics is a field in which the use of conventional calculus plays a major role, and it is of interest to see how fractional calculus may offer useful mathematical tools in this field. For example, fractionalization of the Fourier transform and its applications has been already studied by several researchers [11, 12] .
The role of the fundamental Gaussian, HermiteGaussian (HG), Laguerre-Gaussian, and InceGaussian beams in the paraxial theory of optical beam propagation is well established [1, 2] . For example, whereas the standard form of these beams is crucial in the theory of stable resonators [1] , the elegant form, introduced by Siegman [3] , is important in the paraxial theory of multipole complex-source point solutions of the Helmholtz equation [4, 5] . An important property is that higher-order beam modes can be derived by acting with differential operators on the fundamental Gaussian beam [6] . The basis for such a construction is the following theorem: let u be a solution of the linear operator L (i.e., Lu = 0); if another linear operator D commutes with L, then the function Du is also a solution of L. In particular, for a solution of the paraxial wave equation (PWE), its Cartesian derivatives are also solutions of the same equation.
On the other hand, in recent years fractional calculus has had applications in a number of different areas, such as fractal theory, polymers, and electrodynamics, to name a few [7] [8] [9] [10] . The fractional calculus is the name for the theory of derivatives and integrals of arbitrary noninteger or even complex order [7, 8] . Optics is a field in which the use of conventional calculus plays a major role, and it is of interest to see how fractional calculus may offer useful mathematical tools in this field. For example, fractionalization of the Fourier transform and its applications has been already studied by several researchers [11, 12] .
Following this line of interest, we have been exploring the possibility of extending the idea of fractional derivatives to fractionalization of Gaussian beams. In this Letter we introduce new fractionalorder beam solutions to the PWE that can be regarded as intermediate solutions between the known integral-order solutions. We restrict our attention here to the planar geometry, which leads to the fractionalization of the HG beams. The propagation properties of the new solutions are discussed.
We begin the analysis by writing the complex field amplitude of the normalized one-dimensional fundamental Gaussian beam propagating in the positive z direction,
where w 0 is the beam width at the waist plane z =0, and ϵ ͑z͒ =1+iz / z R , with z R = kw 0 2 / 2 being the Rayleigh distance and k the wavenumber. Since in rectangular coordinates the beam solutions can be separated into products of identical solutions in the x and y directions, for simplicity we consider solutions in only one rectangular coordinate and bring in the other coordinate by analogy. The field in Eq. (1) carries unit power (i.e., ͐ −ϱ ϱ ͉u 0 ͉ 2 dx = 1) and satisfies the PWE ‫ץ͑‬ 2 / ‫ץ‬x 2 + i2k‫ץ‬ / ‫ץ‬z͒u =0. It is known that higher-order elegant and standard HG beams can be derived from the fundamental Gaussian beam by the repeated application of the differential operators D = ‫ץ‬ / ‫ץ‬x and Q = ͑x / w 0 ͒ − ͑w 0 * ‫ץ͒2/‬ / ‫ץ‬x, respectively [6] . In particular, for the elegant HG beams of mth order we have
where H m is the mth-order Hermite polynomial.
To explore the application of fractional calculus in beam theory, let us consider the definition of the Riemann-Liouville ␣th-order fractional derivative of the function f͑x͒ with respect to x based on the lower limit of integration a [7, 8] :
where n is the smallest integer exceeding ␣ [i.e., ͑n −1͒ ഛ ␣ Ͻ n], d/dx denotes the ordinary derivative, and ⌫ is the Gamma function. Unlike the ordinary integer-order derivatives, the fractional derivative depends on the value of the lower limit of integration a. For positive and integer values of ␣ = m, Eq. (3) reduces to the ordinary integer-order derivative d m /dx m , independently of the value of a. For our purposes, the function f͑x͒ will be the Gaussian function whose transverse extent is infinite; thus we set a =−ϱ, and thus we shall adopt the simpler notation D ␣ to denote the ␣th-order fractional derivative operator with respect to x.
Like the integer-order differentiation, the fractional differentiation is a linear operation, i.e., 
It is now clear that the fractional operator D ␣ commutes with the operator of the PWE; therefore we expect that the action of D ␣ on any solution of the PWE will give a new solution of the same equation.
Fractionalization of the Gaussian beam is obtained by substituting Eq. (1) 
͑5͒
The evaluation of this integral yields the expression for the fractional Gaussian beam [13] 
with P ␣ ͑X͒ given by
where ⌽͑a , b ; z͒ is the Kummer confluent hypergeometric function (CHF) [13] [often also denoted 1 F 1 ͑a , b ; z͒], and N ␣ =2 ␣+1/2 / ⌫͑␣ +1/2͒w 0 is the normalization constant that ensures unit power, i.e., ͐ −ϱ ϱ ͉u ␣ ͉ 2 dx =1. Equation (6) is an exact solution of the PWE and is the main result of this study. It constitutes the fractionalization of the fundamental Gaussian beam and effectively corresponds to the close evaluation of the formal definition in Eq. (3) for a Gaussian function. At the waist plane =1, u ␣ ͑x , z͒ becomes a purely real function. The behavior of u ␣ ͑x ,0͒ as a function of x is depicted in Fig. 1 for the range 0 ഛ ␣ ഛ 12. The Gaussian factor ensures the physical requirement that the field amplitude vanish for ͉x͉ arbitrarily large and that the beam be square integrable. The function P ␣ creates maxima, minima, and beam nulls in the amplitude distribution as ␣ increases. In particular, u ␣ ͑x ,0͒ has m zeros when ␣ falls in the interval ͑m −1͒ Ͻ ␣ ഛ m. From the theory of the CHFs [13] , it is possible to show that when ␣ becomes a positive integer m, then P m ͑X͒ = ͱ ͑−1/2͒ m H m ͑X͒ and thus Eq. (6) reduces to Eq. (2) for the elegant HG beams (shown as solid curves in Fig. 1) . So, effectively, the integer-order solutions have been smoothly connected by varying the order of fractional differentiation of the Gaussian beam.
While the fractional beam u ␣ ͑x , z͒ at the waist plane z = 0 is purely real, outside this plane it becomes complex, leading to a continuous variation of the transverse pattern. This effect is illustrated in Fig. 2 , where we show the propagation of a twodimensional fractional beam constructed with the product U ␣ x ,␣ y ͑r͒ = u ␣ x ͑x , z ; w 0x ͒u ␣ y ͑y , z ; w 0y ͒. Whereas the even and odd integer-order solutions are symmetrical and antisymmetrical about the origin, respectively, the fractional solutions do not have a definite parity.
Mathematical insight into the fractional beams is gained by using the identity ⌽͑a , b ; z͒ = exp͑z͒⌽͑b − a , b ;−z͒ to rewrite Eq. (6) as (9) with the parameter ␣ changed to ␣ + ␤. We then conclude that the effect of the fractional differentiation on u ␣ is simply to change the order while retaining the original functional form, i.e.,
Since Eq. (9) is not a self-adjoint equation, its solutions u ␣ do not form an orthonormal set. The adjoint equation to Eq. (9) is found to be ͑d 2 /dx 2 −2␥ * xd/dx +2␣␥ * ͒û ␣ = 0, whose solution is given by û ␣ ϰ A⌽͑−␣ /2,
there is no Gaussian factor associated with the adjoint functions. Applying the theory of the Kummer CHFs [13] , it is possible to show that the biorthogonality integral ͐ −ϱ ϱ u ␣ û ␤ * dx between u ␣ and its adjoint functions û ␤ diverges for arbitrary values of ␣ and ␤ unless both ␣ and ␤ become integer numbers, i.e., the biorthogonal relation for the elegant HG beams [3] . We then conclude that it is not possible to formulate an orthogonality relation for functions u ␣ with arbitrary ␣ in the infinite domain −ϱϽx Ͻϱ. Nevertheless, one may be established in a finite domain by converting Eq. (9) into a self-adjoint form and applying the Sturm-Liouville theory.
Until now, we have explored the fractionalization of the elegant HG beams. We now discuss the fractionalization of the standard HG beams [1] . It is known [6] 6), we determine the expression for the standard HG beams of ␣th order,
Like the standard HG beams of integral order [1] the fractional modes are shape invariant except for a scaling factor. Although Eq. (10) is an exact solution of the PWE, a numerical evaluation shows that, except for integer values of ␣, it diverges as ͉x͉ → ϱ. Recalling the analogy between wave propagation in graded-index media and the quantum harmonic oscillator [11] , we remark that this result is consistent with the known fact that the eigenfunctions of the harmonic oscillator must be quantized. To get physically acceptable solutions resulting from the action of the fractional operator Q ␣ on u 0 , we then need to consider problems involving finite domains (e.g., planar waveguides filled with decentered graded-index media), rather than infinite domains.
In conclusion, fractional-order solutions of the PWE were derived by operation of the fractional derivative on the fundamental Gaussian beam. The new solutions constitute continuous transition modes between the integer-order elegant HG beams. Fractionalization of standard HG beams acquires physical meaning in problems involving a finite domain. The Fourier transform of the fractional beam was found in closed form as well. An interesting issue to pursue is whether the concept of fractional beams can be extended to intermediate modes in planar wave-guide structures and multipole complex-source point solutions of the Helmholtz equation [10] .
